The fractal structure of the phase space of six-vertex models with various boundaries and boundary conditions are investigated, and it is derived that the free energies are classified by its fractal dimension. First the concept of boundary condition is generalized to the "n-equivalence" which gives a sufficient condition for models to yield the identical free energy. The set of configurations satisfying the six-vertex restriction is divided into disjoint islands, in the phase space. It is derived that each island converges, in the thermodynamic limit, to a fractal figure. The free energy of the system is expressed at finite temperatures by the weighted fractal dimension so-called the multi-fractal dimension. Different islands generally yield different free energies and the island with the maximum fractal dimension determines the free energy of the whole system. It is also found that the fractal dimension takes its absolute maximum when the boundary is "alternative", where the free energy equals to the solution obtained by Lieb and Sutherland. minami@math.nagoya-u.ac.jp 1
§ 1 Introduction
Recently, Korepin and Zinn-Justin obtained [1] the free energy of a six-vertex model with a specific boundary condition, where the free energy is written in terms of the elementary functions and different from that obtained by Lieb [2] [3] [4] and Sutherland [5] with the cyclic boundary condition. This seems unusual comparing to other systems, such as the Ising models with finite range interactions, where the free energy per site are independent of the boundary conditions in the thermodynamic limit.
This fact can be understood by the following argument. The vertex configurations are regarded as configurations of continuous lines with some restrictions. A fixed boundary condition determines the number of lines on the lattice, and configurations with different line densities are disjoint [6] in the configuration space. Let us call the set of all the configurations which we can find with a specific condition on the boundary as an "island". The partition function is defined as the sum of the Boltzmann weights on the islands in the phase space. Now it seems natural that models defined on different islands result in different free energies.
In this paper, first the generalized boundary condition called the nequivalence is introduced. Two boundary conditions yield the same free energy if they are n-equivalent for some finite n. The argument in this part is model-independent.
The alternative boundary condition is introduced and it is proved that this boundary condition yields the free energy f LS obtained by Lieb and Sutherland with the cyclic boundary condition. The free energy is identical with f LS for any six-vertex models on an arbitrary domain D with continuous boundary, if the boundary condition is alternative.
Next we generally investigate the phase space structure of the system. It is derived that each island has generally non-integral Hausdorff dimension as a figure in the phase space in the thermodynamic limit, and they are fractal. Generally the free energy of the system has an simple relation with the weighted fractal dimension (multi-fractal dimension) defined on these fractal islands. The free energy is determined by the island with the maximal fractal dimension. We can also show the fractal dimension of the islands takes its maximum when the boundary condition is alternative. So the free energy is always f LS if the alternative boundary is realized in the system. The sixvertex model with the cyclic boundary satisfies this condition, and hence its free energy is f LS .
Let us consider the square lattice with an arrow on each bond. The arrows are arranged so that two arrows come in and the other two go out at each site. Then there exist six types of possible local arrow arrangements (see Fig. 1 ). In this paper we are going to use the term vertex as a site and four bonds around it. Each vertex is assumed to have finite energy. The energies are assumed to be invariant for the reversal of all the arrows on the bonds. Then we have three energy parameters and hence three types of Boltzmann factors a, b and c assigned to each vertex. We also define β = 1/k B T , k B is the Boltzmann constant, T is the temperature and N is the total number of site.
One can assign a line on the bonds with the arrow goes down or left (see Fig.1 ). The six-vertex ristricton corresponds to the condition that the lines continue till they reach to the boundary of the lattice, and then each vertex configuration corresponds to a line configuration of continuous lines on the lattice.
Let us introduce a closed line γ(t) = (x(t), y(t)), (0 ≤ t ≤ 1) which is continuous and satisfies γ(t 1 ) = γ(t 2 ) if t 1 = t 2 except γ(0) = γ(1). We assume that the sites are on the points (na ′ , ma ′′ ), where n and m are integers, a ′ and a ′′ are the lattice spacing Let us introduce a finite set D on the lattice. : the vertex belongs to D if the site lies inside of γ or just on the line γ. The bonds which connect two sites one belongs to D and the other does not are called the boundary bonds and the sites in D but touched by the boundary bonds are called the boundary sites. The boundary sites together with the boundary bonds are called as the boundary. We will fix the line γ and take the thermodynamic limit a ′ , a ′′ → 0. This corresponds to the limit w, h → ∞ where w and h are the number of columns and rows in D. We assume that the number of vertices on the boundary and the energy contribution from the boundary, respectively, divided by the total number of sites vanishes in the thermodynamic limit. § 2
Generalized boundary condition
First we are going to introduce the n-equivalence. Let us consider the set of all the sites which lie in D and can be reached from the boundary sites by n steps (n bonds) at minimum, and call them as the n-boundary sites, the set of all the bonds which connect (n−1)-and n-boundary sites, and call them as the n-boundary bonds. Let {Γ i } be the set of all the possible configurations on the n-boundary with a fixed configuration Γ on the boundary of D. Two boundary conditions Γ and Γ ′ are called n-equivalent when {Γ i } = {Γ ′ i } as a set of configurations. This definition is general and can be introduced to models other than the six-vertex model.
The free energies per site with the boundary conditions Γ and Γ ′ are identical in the thermodynamic limit if Γ and Γ ′ are n-equivalent for some finite n. Proof: Let Z i be the partition function inside the n-boundary with Γ i being the boundary condition, and B i Z i be the partition function of the system with fixed n-boundary configuration Γ i :
if n is finite. The index i runs from 1 to i max where i max is the number of configurations on the n-boundary with fixed Γ :
being the number of vertices on the n-boundary. Then we obtain
where
All the boundary conditions are 1-equivalent, for example, for the Ising model because its spin states are independent of its nearest-neighbors. The n-equivalence is a generalization of the usual concept of boundary condition. § 3
The free energy on domain D
Let us consider rectangles of the width w and the height h, with open, fixed or cyclic boundary conditions in each direction. The free energy of the model on this rectangle is unique in the limit (w, h) → (∞, ∞), i.e. it is independent of the ratio w/h. Proof: The free energy with finite w and h is written as a finite sum of the terms proportional to
k is the k-th eigenvalue of the transfer matrix of the i-th row. One can find the product of the maximum eigenvalues
1 . The convergence of the free energy is uniform as h → ∞ and hence the result is independent of w/h.
Following [7] set ∆ = (a 2 + b 2 − c 2 )/2ab. The maximum eigenvalue of the transfer matrix with the cyclic boundary lies in the block element with w/2 lines (∆ < 1), with 0 or w lines (∆ > 1). We concentrate on the former case: ∆ < 1. From the symmetry of the system, we can conclude that the number of lines on a column should be also h/2.
Let us consider a specific boundary condition where the right and the left arrows, or the up and the down arrows, appear alternatively on the boundary. This corresponds to have lines every other bonds on the boundary. We are going to call this boundary condition as the "alternative" boundary condition.
Now let us introduce the cyclic boundary condition only in the horizontal direction. All the line arrangements with n lines on the upper (and also on the lower) boundary are 2n-equivalent each other. Proof: Let (x 1 , x 2 , . . . , x n ), x i < x i+1 , be a line configuration on the upper boundary, where we find the lines (down arrows) on the x i -th column (i = 1, . . . , n). When we have a line arrangement (x 1 , x 2 , x 3 , x 4 , x 5 ) = (2, 3, 5, 7, 9), just as in Fig.2(a) , one can introduce the shift of lines (2, 3, 5, 7, 9) → (1, 2, 3, 5, 7) → (1, 2, 3, 4, 5) . Generally when we have (1, 2, . . . , i, x j , x j+1 , . . . , x n−k ), i + 1 < x j , after the k-th step, one can introduce the line arrangement (1, 2, . . . , i, i+1, x j , . . . , x n−(k+1) ) as the next one. We need n−l steps for the shift (x 1 , x 2 , . . . , x n ) → (1, 2, . . . , n) if x l ≤ n < x l+1 , and this means (x 1 , x 2 , . . . , x n ) is at most n-equivalent to (1, 2, . . . , n). Arbitrary line configurations (x Let us assume that h and w are even. The alternative boundary (1, 3, . . . , w− 1) is w-equivalent to the arbitrary line configurations in the block element with w/2 lines. We can take the limit h → ∞ with fixed w and next w → ∞, but the result is unique. This fact says that we will have the free energy f LS in the thermodynamic limit when the boundaries are alternative on the upper and the lower edges and cyclic in the horizontal direction.
We have used the fact that the free energy is f LS when there are w/2 lines on every horizontal row. We also need h/2 lines on each column to have f LS . The free energy of the rectangle of the width w and the height h is f LS for (w, h) → (∞, ∞) when the four boundaries are fixed as alternative. Proof: Let us identify the left edge, which is fixed as alternative, with the right edge. Then we obtain a tube of the height h with the upper and the lower edges as the boundaries. All the line arrangements with n lines on the upper and the lower edges are 4n-equivalent to the cyclic boundary in the vertical direction with n lines. This fact is convinced as follows: we need 2n steps for the shift (x 1 , x 2 , . . . , x n ) → (1, 2, . . . , n) , when we introduce the shift (1, 2, . . . , i, x j , x j+1 , . . . , x n−k ) → (1, 2, . . . , i, i + 1, x j , . . . , x n−(k+1) ) and the "parallel shift" (x Fig. 2(b) , every other horizontal rows, and we also need 2n steps at most for the shift to an arbitrary configuration (1, 2, . .
′ n ) every other horizontal rows. As a result the system is 4n-equivalent to the rectangle with the cyclic boundary condition in the horizontal direction with two fixed alternative boundaries on the right and the left edges. Taking the limit h → ∞ with fixed w and next w → ∞, with the line density being 1/2, we obtain the result. Now we can obtain a rather general sufficient condition to have f LS . Let D be a set of vertices on the square lattice defined in introduction. Only the maximum eigenvalue remains when we take the limit a ′′ → 0 with fixed γ, and next taking the limit a ′ → 0 each rectangle R ′ i yields the free energy f LS , and then we have f D ′ = f LS where f D ′ is the free energy on
The result is independent of the ratio h/w and it can be taken sufficiently small. (Note that the line density of both D and D ′ are 1/2.) The ratio of the energy contribution, the contribution from D\D ′ over that from D, goes to zero because the boundary of D converges to a continuous line, and we obtain |f D − f D ′ | < ǫ for arbitrary positive ǫ. This means that the free energy is still additive even if the boundary condition remains relevant in the thermodynamic limit. § 4
Fractal structure in the configuration space
Next we are going to consider the structure of the configuration space of the model. Each bond takes two states and there are 2 n configurations in the configuration space for finite n. Let E be an island that is the set of all the possible configurations with a specific boundary condition. We will show that the islands generally have non-integral Hausdorff dimensions in the thermodynamic limit.
Let us introduce an order of bonds and let the j-th bond be σ j . Assign s j to each σ j where s j = +1 (or 0) if the arrow on σ j goes down/left (or up/right). Let x = n j=1 s j 2 −j and we find a correspondence between configurations on the lattice and real numbers x ∈ [0, 1].
Let u be a subset of bonds and Γ be an arrow configuration on u. Let U u (Γ) be the set of all the possible configurations on the lattice with fixed u and Γ. Obviously U u ′ (Γ ′ ) ⊂ U u (Γ) when u ⊂ u ′ and Γ ′ = Γ on u. Let u = {σ 1 , σ 2 , . . . , σ n } and Γ = (s 1 , s 2 , . . . , s n ). Then we find that
Let us consider 2
n }, be the intervals such that x ∈ I (n) l for some x ∈ E, and set
We are now counting the measure of the set of configurations of the models, which corresponds to considering the partition function in the high temperature limit. We already know that the result is independent of the shape of the boundary provided the line configuration on the boundary is fixed or n-equivalent each other, so we are able to concentrate on considering the contributions from the vertices inside the domain D.
We have for the rectangular lattice (see for example [7] ) that
where N is the number of sites, N = 2n except the irrelevant contributions from the boundary, and r is a constant. We now know that it is also valid for the domain D. From r N = (1/2 n ) −d B , we find that the so-called the boxcounting dimension of E is d B = 2 log r/ log 2. The set E is a generalization of the Cantor set.
We can also show that the Hausdorff dimension dim H E equals to 2 log r/ log 2. The Hausdorff dimension is countably stable:
, which means we generally know the islands with the maximum Hausdorff dimension determines dim H E even in the thermodynamic limit where we have infinite number of islands. The s-dimensional Hausdorff measure of E is defined as
where {U i } is a collection of subsets satisfying E ⊂ ∪ ∞ i=1 U i , sup|U i | = δ, and the infimum is over all {U i }. Let us consider an I (n) l and write
If we have a number s which satisfies
for all l and n, we obtain H s (E) = 1, E = ∞ n=0 E n (see for example [8] , Th.1.15), that means the Hausdorff dimension of E is s. Especially if the intervals I (n) l are uniformly spaced, the condition (4) is written as
that is
The proof can be straightforwardly generalized to our case where (I) the intervals I ′ l ′ satisfy (2) instead of (6) and (II) the intervals are not equally spaced but number of small intervals in larger interval J is almost proportional to its width |J|. So the remaining point is to show the property (II):
Let (D) be the set of sites which belong to D, andD be the bonds which belong to the sites in (D):
Then the configurations on D 1 are restricted by the configuration onD 0 ∩D 1 because of the line conservation property.
We introduce an order of the vertices in D from the right to the left on the first row and next again from the right to the left on the second row and vice versa. We also introduce the order of bonds clockwise for the first vertex from the upper, the right, the lower and the left bond as σ 1 , σ 2 , σ 3 and σ 4 , and next the bonds of the second vertex clockwise from the upper bond and vise versa following the order of vertices, with the restriction that the bonds already labeled should be skipped.
Let us consider a vertex inside D and its four bonds labeled clockwise from the top promptly as σ ′ , σ n−2 , σ n−1 and σ n . LetD Let N be the number of the vertices in D 0 . Then we have n = 2N except the irrelevant shifts coming from the boundary. We know that the number of intervals behaves
The relation between |J| = ∆j/2 N and k is almost linear when M is sufficient large.
As for the islands for the rectangular lattice with the alternative boundary condition, or generally with a periodic line configuration on the boundary, the result is obtained from a general argument. Let us introduce an unit of the lattice, which is the set of all the vertices on a row. The whole lattice is composed by iterations of the unit. Finite number of configurations are possible on each unit, and the permitted set of configurations on a unit is determined by that on the previous unit. The island E is obtained by iterations of set of contractions (IFS, iterated function system), which is determined by the configuration on the previous unit. The number of types of the IFS is finite if the line configuration on the right and the left edges are periodic in the vertical direction. Taking h → ∞, we obtain a graphdirected set {Ē (j) } where each index j corresponds to a line configuration on the lower edge. We know that the box-counting dimension ofĒ (j) equals to the Hausdorff dimension (see for example [10] ). The fact that the dimension ofĒ (j) is s for all j generally in graph-directed sets corresponds to the fact that all the line configurations with n lines are 4n-equivalent each other. Considering the independence of the order of the limit we obtain the result.
At last let us make a comment on the relation with a generalized Hausdorff dimension so-called the multi-fractal dimension
where w l is the Boltzmann factor coming from a configuration in I (n)
is the boxcounting dimension. The free energy of the system is generally written by µ(β) as βf (β)/ log 2 = (β − 1)µ(β).
The sum in (7) is written as the sum over the islands as
where w (j) l is the weight of the l-th interval of the j-th island and l (j) is the sum with fixed j.
If D is a rectangular lattice, the free energy is obtained from the maximum eigenvalue of the transfer matrix. We know that the maximum eigenvalue is obtained when the boundary condition is alternative. The proof in section 3 says that the alternative boundary yields the product of the maximum eigenvalues of each transfer matrices of the rectangles R ′ i . This means that the island with the alternative boundary yields µ(β) even if D is not rectangular but has a general shape with the continuous boundary, and the free energy of the six-vertex model is f LS if and only if the alternate islands (and the n-equivalent colleagues) are realized in the configuration space.
This fact explains some results already obtained through explicit calculations. Batchelor et al. solved [11] (by the Bethe ansatz method) the six-vertex model with the periodic and "free" boundary conditions on each direction, and Owczarek and Baxter solved [12] (by the Yang-Baxter relation) with the periodic and the anti-periodic boundary. The alternative boundary is realized with the restrictions in [11] and [12] and hence this is now obvious from the structure of the configuration space that the free energies of these systems are f LS . We also have another example [1] where the alternative boundary is prohibited and has a distinct free energy as just noted in introduction.
In this paper we considered the relation between the structure of the configuration space and the free energy of the system. Our argument is an extreme generalization of the fact that the maximum eigenvalue of the transfer matrix determines the free energy when the lattice is rectangular. It is also interesting to move to consider the self-similarity at the critical point or the equivalence of Hamiltonians. The properties of the system might have more strict relation with indices of fractal figures in the phase space.
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Fig. 2
Shift of lines introduced in the proof of the n-equivalence.
